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^jQ, Formulas describing all 2-element and 3-element factorizations of arbitrary ele- 

^ ' ment of the groups SU(2) and S0(3,R) are derived. Six 2-element factorizations, 

< \ {U2UsU^), {U3U2UI,), (UsUiU^), {UiUsU[), {UiU2U[), {U2UiU^), provide all possi- 

ble way to define Euler type angles; and six 3-element ones, {U1U2U3), {U1U3U2), 
{U2U3U1), {U2U1U3), {U3U1U2), (?73?72f^i) provide all possible ways to parameterize 
the unitary and orthogonal groups by three elementary angles. In the context the 
0^. light polarization formalism of Stokes- Mueller vectors and Jones spinors, relations 

fH I produced give a base to resolve arbitrary pure polarization rotators into all possible 

■ sets of elementary rotators of two or three constituents. 
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(N : 

^ ! 1 Introduction 
p ; 

. In this paper we will consider several problems naturally arising within the task of finding 

' different ways to parameterize the unitary SU(2) and rotation S0(3) groups by three angle 

■ variables. There exist two different classes of those. The first based on 2-element factorizations: 

(t/2W2), {U3U2U!,), (.UsUiU!^), 
X'- {UiU^U^), {UiU2U[), {U2U1U!,), 

H ; 

provides all possible ways to define Euler's angles. The second is based on 3-element factoriza- 
tions: 

{UiU2Us) , {UiUM , {U2U3U1) , 

{U2U1U3) , (f/3f/lf/2) , {U3U2U1) . 

In the literature, this second possibility is used rarely, and as a rule is only pointed out as 
existing one. 

This rather abstract group theoretical problems have are of special interest in the context of 
the light polarization formalism of Stokes-Mueller vectors and Jones spinors. Because relations 
obtained give a base to resolve arbitrary pure polarization rotators into all possible sets of 
elementary rotators of two or tree types. 

This paper is not a comprehensive treatment of the physics of light polarization optics, it only 
discusses group theoretical foundation for Stokes-Mueller vectors and Jones spinors formalisms. 
To fill up this gap we give rather detailed bibliography [1-110] on the subject, though it is not 
exhaustively complete. 
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2. 2-element factorization, one special case 

In this Section we consider the following 2-element factorization: 

U = UiU2U[ = {xo + ixiai){yQ + iy2cr2){x'Q + ix[ai) 
= no + ini ai + in2 (T2 + ins 0-3 , 

which gives equations 

m = yo {xox'o - xix'i) , ni = yo (xiXq + xqx'i) , 
n2 = y2 {xoXq + xix'i) , n3 = y2 {-xiXq + xox[) . 

We should resolve eqs. ([2]) under the variables xq, xi; Xg, x'j^; yo; 2/2- For yo,y2 we have 

no m 



yo 

2/2 = 



{xox'q-xix[) [xix'q + xox[) ' 
n2 ns 



{xqx'q + xix[) {-xix'q + xox[) ' 
In eqs. one can exclude the variables yo and y2- 

no _ (xoXq - xix'i) n2 _ {xqXq + xix[) 



or 



ni {xix'q + xox[) ' ns {-xiXq + xox[) 

no (xixg + xox'i) = ni (xoXq - xix'^) , 
n2 (-xiXq + xqx'i) = ns {xqXq + xix'^) . 

Eqs. (m can be resolved as a linear system under the variables xo,xi 

J \ Xo (nox'i - nix^) + xi (noxf, + nix[) = , 
Xo (n2x'i - nsxg) + xi (-n2Xo - nsx'J = , 



or under the variables x'(^,x[: 
II 



Xq (noxi - nixo) + x[ (noxo + nixi) = , 
x'q (-n2Xi - nsxo) + x[ (n2Xo - nsxi) = . 



First, let us study eqs. ([5]): 



/ det 



(nox'i - niXo) (noXg + nix[) 
{n2x[ - nsXo) (-n2X^ - nax'J 



0, 



(nins - non2) 2xoXi + (nons + nin2)(xo^ - Xi) = . 
With the use of angle parametrization Xq = cos y , x'^ = sin y , eq. ([7]) takes the form 
(nin3 — non2) sin a' + (non3 + nin2) cos a' = , 



that is 



and further 



^ , mns + nin2 

tg a = , 8) 

non2 - nina 



/ / 1 , (?^o"-2 - nins) 

cos a — — 



sma =cosa tg a = ± ^ ^ , = • (9) 



Thus 



, , a' / 1 + cos a' , , ^ , r • / 1 - cos a' ^, 
Xq = cos — = y ^ , /i = ±1 , xi = J sm — = y ^ , 5 = ±1 

or 



Turning to eqs. ([5]), we get two (equivalent) solutions: 



™3 



Xo = ± 



x, = L ^ (nix^-npx;) _ ^^^^ 

(n2Xo + n3xi) 

xq = ±- 



V ("'2a;i - n3Xo)2 + (-n2x'o - nax'J^ 
XI = ± ^ (^2x;-n3X-) ^ ^^^^ 

V ("'2a;i - n3x())2 + (n2X^ + 71.3x^)2 

Now let us make the same with the system ([6]), which formally differs from ([5]) by evident 
changes 



from relationship 

// det 

we get 



n2 — > -n-2 , Xa — > x' 



(noxi - nixo) (noxo + mxi) 
(-722X1 - n3Xo) (n2Xo - n3Xi) 



-7ion3 + nin2 

tga = ■ 

710^2 + n-ins 



(13) 



cos a = ±\ K — = ±- 



(— 72o7l3 + 77-1712) 

sma = cosa tg a = ifc ; (14) 

Vn5 + nf^/n^ + 72§ 
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also 



, 1 + cos a 
xo = cos - = n\l , /i = ±1 



a n- / 1 — COS a 

xi = sm- = 6\ , d = ±l, (15) 



/I non2 + nin3 



1 non2 + nins 



Turning to the system ([UD, we produce two (equivalent) solutions: 

^, _ _^ (repxp + nixi) 

(noxi - nixo)^ + (noxo + nixi)^ ' 

/ _ (npxi - nixp) 

{noxi - niXo)2 + (noxo + nixi)^ 



(17) 



(n2Xo - mxi] 



\/ (-"2X1 - nsxo)^ + (n2Xo - naxi) 
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/ ^ (noxi-nixo) . . 

Xi = =F / ^= ■ (lo) 

V (-"-2a;i - nsxof + (n2Xo - ^3X1)2 

Evidently, the systems, I and II, are equivalent, so they must provides us with the same 
solutions - collect results together: 



/ , inon2 - nina) . , (nona + nin2) 

cos a = ± — , „ — , „ , sma = ±- 



/_ , /I _^ non2-nin3 , I non2 - riin^ 



(noXg + nix'^) (nix[) - nox[ 

Xo = ± . , xi = ± 



^ ^ (n2X^ + n3x;) ^ ^ (n2x; - ngx^) _ ^^^^ 
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II 



cos a 



(?7-on2 + ni?7-3) 



sm a 



non2 + nins 



2 2y^IfT^v^ 



Xl 



non2 + ^1^3 



no 



2 2Vng + n^v^n^ + 



X, 



I 

Xq 



V ^0 + 
(n2a:o - n-^xx) 



Let us use the most simple forms (also one may omit it ) 
for o, a!: 



■ T 



\/"o + ^1 
(npxi - nixp) 



(20) 



and for |, |- 



cos a 



cos a 



(npn2 - nins) 



_ (npn2 + nxn-i) 



sma 



sm a 



(nons + nin2) 



(-npn3 + nin2) 



7 ' 



(21) 



cos ■ 



+ 



npn2 - riins 



2 2Vn^ + n^7ni + 



n: 



2 ' 



Xp 



a /I 
cos - = ^ , / - + 



npn2 + riina 



2 2v/n^ + n^V^^ 



2 ' 



= sm ■ 



xi = sm — 
2 



Turning to eqs. ([3]), we should calculate expressions for 

np ni 



y2 



(xpxfj-xix'i) (xixfj + xpx'i) 
"2 ns 



(xpxp + xix'i) ( XlXg 



npn2 - 711713 



2 2vS+^\^2 + 



71 



2 ' 
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?lpn2 + 71i7l3 



2 2v^n^ + 7i^v^?i| + 



n 



2 ' 



(22) 



(23) 



Let us introduce angle variable yp = cos | , 7/2 = sin \ and calculate sin 6 and cos 6; for 



definiteness let us use second expressions in ([23]) : 

711713 



sin 6 = 2yp7/2 = 2 



Xi(— 1 + x'l^) + XgX'i^ 



711713 

,'2 2 
'1 2^1 



allowing for identity 



2 2 _ / 
Xl — x^ — \ 



1 



77077.2 - 711713 



71pn2 + 711773 



711713 



2 2^/n[+nl^/n4+ni 2 2Vnf+nfVnf + 



77o 



Y^nf+Tifv^Tf+Tif 
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sin 6 = 2 Jnl + nf Jnl + n| . (24) 



we arrive at 



It is readily verified that the result will be the same if one uses first expressions in (|23p . Let us 
calculate cos h: 

cos^ h = l- SVC? b = {nl + n\) + (nl + nl) - 4{nl + nj) (n^ + ng) = (rig + nj - nl - n|)^ , 
so that 

cos b = (no + nl — — ^3) • (25) 
Now let us calculate i/q and 1/2 from ()23p . Allowing for 

1 



(xo^o ± j;ix'i) 



2v^ng + nf V"2 + nf 

x[ ( ng + nf Y^n| + n| + (non2 + ning))^/^ (y^ng + nf y^n^ + n| + (nons - ning))^/^ ± 
± {^/ri^'+r}^\/r4+r4 - {non2 + nins))^/^ ( y^ng + nf y^n^ + n| - (non2 - ning))^/^ ] 



n / 2 -2 n rT^ [ (^^0^2 + ^lA + ^^^2 + 1nQn2^nl + nf ^n^ + n|)i/2 ± 



±{2nlnl + nln\ + nfn2 - 2non2^J + nf + n|)^/^ ] , 

so that 



{xox' + xix' ) - ("0 \/n2+nl + n 2 v^ngTnf ) - (no \/n|Tnf - n2 y/nl + nj ) _ n2 



{xqx' - xix' ) = (^0 Vril + nl + n 2 + nf ) + (no \/n| + n§ - n2 Vng + nf ) _ no 



ns 



2\/ng + nf A/nl + nl y^ng + nf 

thus 



2 All six types of 2-element factorizations 

There exist six types of 2-element factorization: 

(1) U2U-iU!2, (1)' U3U2U!,; 

(2) U3U1U!,, (2)' t/iC/st/i; 

(3) Ui U2 U[ , (3)' U2UiU^. (27) 

in the previous Section we considered one (underlines) factorization Ui U2 U[. We are to extend 
the above analysis to all six variants: 

U = no + ini ai + in2 02 + ^3 0-3 , 



6 



(1) U = U2U3U2 = (yo + iy2cr2)izo + iz3a3){yQ + %2'72) , 
no = zo (yoyo - y2y2) > ri3 = Z3 (yoyo + y2y2) , 
n2 = Zo {yoy'2 + y2yo) , ni = Z3 {yQy'2 - 2/2yo) • 

(1) ' U = U3U2U'^ = {zo + iz3<y3){yo + m(^2){zQ + iz'^as) , 

no = yo {zoz'o - z^z'^) , n2 = 2/2 {zoz'q + z^z'^) , 
ns = yo {zoz's + zsz'q) , -m = y2 {zoz'^ - Z3Zq) ; (28) 

(2) U = U3U1U3 = {zo + iz3a3){xo + ixiai){zQ + izgo-s) , 

no = Xo {zoz'q - Z34) , ni = xi {zqz'q + 2:3^3) , 
ns = Xo {zqz'^ + Z3Z0) , n2 = xi (zo4 " ^3^) ; 

(2) ' U = UiU3U[ = {xo + ixiai){zo + iz3a3){xQ + ix[ai) , 

no = Zo {xox'q - xix'^) , n3 = Z3 {xqx'q + xix[) , 
rii = zq {xox[ + xix'q) , -71-2 = Z3 {xox[ - xiXq) ; (29) 

(3) U = UiU2U[ = {xo + ixiai){yo + iy2(^2){xo + ix[ai) 
no = yo {xox'o - xix[) , n2 = y2 {xox'q + xix'^) , 
ni = yo {xox'i + xix'o) , ns = y2 (a^o^^i - xix'q) ; 

(3) ' U = U2U1U2 = {yo + iy2<72)(xo + ixiai){y'Q + ^2^2) , 

no = Xo (yoyo - y2y2) , ni= xi (yoyo + y2y2) , 
n2 = Xo {yoy'2 + y2yo) , -n3 = xi {yoy'2 - y2y'o) ■ (30) 

All results obtained can be presented in the table: 



(1) - 


(232) 


(yo, y2) , 


(^0, 


Z3) , 


(yo' y2) , 


("-0, 


n2, 


n3, 


+ni) ; 


(ly - 


(323) 


{zo, Z3) , 


(yo. 


y2) , 


(4, 4) , 


{no. 


n3, 


n2, 


-ni) ; 


(2) - 


(313) 


{zo, Z3) , 


{xo 


Xl) 


(4, 4) , 


{no. 


n3, 


ni, 


+n2) ; 


(2)' - 


(131) 


(xo, Xi) 


, {zo 


^3) 


(Xq, X-^) , 


{no. 


ni, 


n3, 


-"-2) ; 


(3) - 


(121) 


(2:0, 2:1) , 


{yo, 


y2) , 


(Xq ,x'^) , 


{no. 


ni, 


n2, 




(3)' - 


(212) 


(yo, y2) , 


{xo 


Xl) 


(yo, y2) , 


{no. 


n2, 


ni, 


-^^3) • 



(31) 



We see that all six factorization according to (j66p - (j67p - (j68p have the same mathematical 
structure, therefore all six solutions can be produced by means of formal changes from results 
obtained for the case (3) - (121) - for simplicity we write down expressions for double angle 
variables: 

a a 
Xo = cos - , Xl = sm - , 

(non2 + nins) . {-nons + 721712) 

V n5 + n\ ^/n^ + ri§ ^ Tig + nf ^/n^ + n| 
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yo = cos - , y2 = sm - 



cos b = {tlq + nf — — ^i) > ^™ ^ = ^ -^^tIq + y + ng ; 



= COS — , Xi = sm — 

/ (non2 - nins) . , (nons + nin2) 

cos a = — — , , sma — 



1 



(32) 



3 3-element factorization, special case 

For an arbitrary element from SU(2) 

U = no + iniai + in2(T2 + ^30-3, n^ + n{ + n\ + n\ = +1 
let us introduce a 3-element factorization 

U = U1U2U3 = (xq + ixiai){yo + iy2(72){zo + izsas) ; (33) 
which gives equations 

= xoyozo + xiy2Z3 , rii = -xoy2^3 + a^iyo^o , 
n2 = xoy2ZQ + xiyoZ3 , 71,3 = xoyo^^s - xiy2Zo . (34) 

At given one should find (xq, xi), (yoi y2)5 (-ZO) ^3)) parameterized by angle variables as follows 

a a b b c c 

xo = cos - , XI = sm - , yo = cos - , y2 = sm - , zq = cos - , Z3 = sm - . 



(35) 



Eqs. (jMj) can be considered as two linear systems under xo,xi: 

Xq yozo + xi y2Z3 = uq , ( xq y2ZQ + xi yozs = n2 , 

-Xo 2/2Z3 + xi yoZo = ni ; \ xq yozs - xi y2ZQ = . 

Their solutions are respectively: 

_ no ypzo - rii y2Z3 _ m yoZp + rip y2Z^ _ 

•^0 2 2 I 2 2 ' "^1 2 2 I 2 2 ' 

yo^o + viH vi4 + vi4 

_ n2 y2ZQ + n3 ypz^ _ -ns y2Zo + n2 ypzs 

Xq 2 2 I 2 2 ' ■'^i 2 2 1 2 2 ' 

One can exclude variables xq^x\ from eqs. (j36p : 

"-oyo^^o - -rai y22;3 ^2 ^2^0 + ^^3 yoZ3 



yl4 + yi^i yi^o + yl4 

n\ ypzp + no ?/2Z3 ^ -^3 1/2^0 + n2 ypz^ 
ylzl + yl^l y2^2 + y2^2 



(37) 
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Alternatively, eqs. (j34p can be considered as two linear systems under yo,y2- 



yo xqZo + 2/2 xiz^ = no 
yo xizo - y2 X0Z3 = ni 

Their solutions are respectively: 

noXQ + nixi 



yo -- 
yo 



zo 

n2Xi + 723X0 
23 



2/2 -- 

y2 



yo X1Z3 + y2 xqZq = n2 , 
yo X0Z3 - y2 xiZo = ns . 



-nixo + uqXi 



(38) 



Z3 

-723X1 + 7^2X0 
Zo 



Excluding the variables yo,y2, we get 

TIqXo + TLiXl 77,2X1 + 773X0 



Zo 



Z3 



-TT-IXq + 77oXl 

zs 



-773X1 -I- 772X0 

Zo 



Alternatively, eqs. (|Mj) can be considered as two linear systems under zq,Z3: 



Zo yoXo + Z3 7/2X1 = 770 , 

Zo yoxi - Z3 y2Xo = 771 ; 
Their solutions are respectively: 

770X0 -I- 771X1 



Zo 



Zo 



yo 

n2Xo - 773x1 

y2 



Z3 



Zo y2X0 + Z3 yoXi = 772 

-zq y2Xi + Z3 yoXo = 713 



-77lXo -I- 77oXl 



(39) 



(40) 



(41) 



Z3 



y2 

773X0 -I- n2Xi 



yo 



Excluding the variables zo,Z3, we get 

770X0 -I- 77iXl 772X0 - 77,3X1 



-77-1X0 -I- 77oXi 773X0 + n2a;i 



yo 



y2 



y2 



yo 



(42) 



(43) 



Two last variants, (jlO|) and (j43j) . seem to be simpler than ([3 
variant (liOD: 



Zo in2Xi + 773x0) - Z3 {noxo + 771X1) = , 

Zo(-niXo + 77oXi) - 2;3(-773Xi + n2Xo) = 



First, let us consider the 



(44) 



From vanishing the determinant 



(772X1 + 773X0) 
(-771X0 + noxi] 



-(770x0 + niXi) 

-(-773X1 + 772Xo) 



it follows 



772773 Xi — 772 2^03^1 + ^^3 XqXi — 772773 Xo — 77o77i Xq "I" 77o XoXl — Tli XqXi + 77o77i X;^ = , 

which may be rewritten as 

- (770771 + 772773) (Xq - Xi) + (ul + 111 - nj - ul) XqXi = , 

2772773 -I- 2770771 



tg a 



772+772 



77T 



77: 



2 ' 



(45) 
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expressions for cos a and sin a are 

riQ + nl — nl - nl 



cos a 



sma 



\J {n\ + n| - nf - n^)^ + (2n2n3 + 2noni)2 
2n2n3 + 2noni 



{n\ + n| - nf - n|)2 + (2712^3 + 2noni)2 
Now, in the same manner let us consider the variant ()43p : 



yo ("-22:0 - ■^32:1) - y-i (raoa^o + nxx\) = , 
yo{-niXo + noxi) - y2(f^3a;o + ^^22:1) = 



From vanishing the determinant 



(n2Xo - ngxi) - (noxo + niXi) 
(-nixo + noxi) - (7x3X0 + n2Xi) 



it fohows 



— n2f^3 — ?i-2 a^oa^i + "-1 2;o2;i + n3?T.2 x\ — noui Xq + Uq xqXi — n\ xqXi + uqUi x\ = Q 
or 

- (n2n3 + nQTii) (xg - x{) + (tiq + n| - - 722) XqXi = ; 

it may be written differently 

— (2n2n3 + 2noni) cos a + (uq + n\ — n\ — n\) sin a = , 

which coincides with (I45|) as it could be expected in advance. 
Turning back to (j44p 

ZQ{n2Xi + 723x0) - z^iiriQXQ + niXi) = , 
2;o(-7iiXo + rioxi) - 2;3(-7i3Xi + 722x0) = . 

we get (second equivalent variant is omitted) 

C TiQXQ + 72iXl 



zq = cos 



2 (720x0 + nixi)2 + (722x1 + 723x0)2 ' 
212X1 + 723X0 



2:3 = sm - = . 

2 V(noXo + 7iixi)2 + (722x1 +723x0)2 

Let us calculate sine: 

(no722 + 211213) sin a + n^n^ (1 + cos a) + 721722 (1 — cos a) 



sine = 2202:3 



{uqXq + 72ixi)2 + (212x1 + 213x0)2 
1 



X [(?^o^^3 + "1212) + 



(rioxo + r2ixi)2 + (722X1 + 213x0)^ 

(720722 + 77,1213) (2722723 + 272o72i) + (72o723 - 77i272)(2lo + 7l| - 71^ - 7l|) 



\/ {nl + nl-n\- 72^)2 + (2722723 + 272o72l)2 

(2lon3 + 711722) 



[1 + 



(720X0 + 27iXl)2 + (772X1 + 7l3Xo)2 ^ {jl^^ + - n'f - 77^)2 + (2772723 + 272o72i)^ 
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Finding expression for denominator 



(noxo + riixif + (71.22:1 + nsxo)' 



(tt-o + ng) ^ h (n^ + n2) h (noni + n2n3) sin a = 

= - [1 + (no + n\ — n\ — n^) cos a + (2noni + 2n2n^) sin a] = 
^ [ 1 + ^(n2 + nl - - nlY + (2n2n3 + 2noni)2 ] 



we arrive at 



2(non3 + nin2) 

sine ~ 



(no + n§ - nf - n|)2 + (2n2n3 + 2noni)2 

Now let us calculate cos c: 

2 2 ('^o ~ "-i) (1 + + (^1 ~ ^2) (1 ~ ^) + 2(noni — n2n3) sin a 

cos c Zq 2:3 2 J ^^^^^ mxiY + (n2a;i + n3Xo)2 ] 



= [ 1 + y (n^ + n| - nf - n|)2 + (2n2n3 + 2noni)2 ] 
X [ (no — n\ + n\ — n|) + (ng — n\ — n\ + n\) cos a + 2(noni — n2n3) sin a ] 



1 + J {nl + nl-n{- n|)2 + (2n2n3 + 2noni)2 



X (ng - n| + n? - n2) [ 1 + ^ 



that is 



cos c 



(n^ +n\-n{- n^Y + {2n2n^ + 2noni)2 
{nl - n| + nf - n^) 



y^(no + n3 - n^ - n^)^ + (2n2n3 + 2noni)2 

It is a matter of simple calculation to verify the identity 

(no +n\-n\- n|)^ + (2n2n3 + 2noni)2 = (ng -n\ + n\- n^)^ + (2non3 + 2nin2)^ 

Thus, the angles a and c are determined by relations: 

nn + n? — n? — n, 
cos a — u 6 ^ A 



(n^ + n| - n^ - n^)2 + (2n2n3 + 2noni)2 ' 

2n2n3 + 2noni 
(ng + n1-n\- n\Y + {2n2n^ + 2noni)2 ' 

(ng - n| + nf - n^) 

(no -nl + nj- + (2non3 + 2nin2)2 ' 

2(non3 + nin2) 

^/{nl -nj+nf- n'^f + (2non3 + 2nin2)2 

Now, turning to (f47l) 

yo(ra2Xo - n3Xi) - ^2(^02:0 + "-12:1) = , 
yo{-niXo + noxi) - y2{n3Xo + n2Xi) = , 



sma 



cos c 



sm c 
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we get expressions for yo,y2- 

(noxo + nixi) 



yo -- 
y2 



^J {n2Xo - 77.3X1)2 + (noxo + nixi)^ ' 
(712x0 - riaxi) 



a/ (ri2Xo - 713X1)2 + (rioXQ + nixi)'^ 
Let us calculate sin b: 

, 7^0^2(1 + cos a) — 7ii7i3(l — cos a) + (711712 — 710713) sin a 

sin6 = 2j/oy2 = 7 r^—j ^ 

(712X0 - 713X1)^ + (7ZoXo + nixi)^ 

Using expression for numerator 

77,0712(1 + cos a) — ni7i3(l — cos a) + (771772 — 770773) sin a = 

= (770"'2 - nins) + (770772 + 77l773) COS O + (77l772 - 77o773) siu a = 

, , _ 77^ - 77? + 77? - 77^ , 

= (710712 - 711713) [ 1 + 3 12 1 



^ (710 + nl-nf- n^Y + (2712713 + 27io7ii)2 
we get 

. , (no7l2 - 711713) 7lg + 77f - 71^ - 71§ 

suih=- ^ Km H ^2[l + 



(772X0 - 713X1)2 + (7I0X0 + 71iXi)2 Y^(71^ +ni-ni- 71^)2 + (2712713 + 271o71l)2 

Further, allowing for the expression for denominator 

(7I2X0 - 713X1)^ + (7I0X0 + 71lXl)^ = 

, 2 2\l + cosa , 2 2\l~cosa . 
= [1^2 + ^0) 7; 1- (% + ^1) 7; 1- ("-oil - n2n3) sma = 



= - [1 + (7i| + 7io — 7i| — 71^) COS a + 2(7io7ii — 712713) siu a ] = 

2 ^y (7I0 + nl-n'j- 712)2 + (2712713 + 271o71l)2 

for sin b we obtain 

sin 6 = 2(7io7i2 — 711713) . 

Now, let us calculate cos b: 

2 2 ("()-?'0 + »4-7'l)" - ("2J-0 - "aJ'i)^ 

COS b = yo-y2 = 7 Tg— 7 ^2 , 

(712X0 - 713X1 y + (tiqXo + 711X1 y 

Allowing for expressions for numerator 

(770X0 + 71lXl)^ - (7I2X0 - 77,3X1)^ = 

2 2Nl + cosa 2 2x1 -COS a 

= ('^O - "-2) n ^ - "-3) 7i ^ ("0^1 + 7l27l3)sma 



— 2 l-^'^o — n\ + n\ — 7i|) + (tiq — n\ — n\ + 7i|) cos a + 2(7io7ii + 712713) sin a ] = 



^ [(710 + Til - 7i2 - 7ii) + ^ (7i2 + nl~n{- nlf + (2712713 + 27l071l)2 
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and for denominator 

(n2Xo - nsxi)^ + (noxo + ni^i)^ = 

_ (no + nf - n2 - ng) + ^/ {uq + ri^-n{- n^'^ + i^n^nz + 2noni)2 
2 1/ (jT-o + nl - - nl)^ + (2n2n3 + 2noni)2 

thus cos h equals 

cos h = ^ (ng + n| — nf — n|)2 + {2n2nz + 2noni)2 . (59) 

It is easily verified identity 

sin^ h + cos^ 6 = 4(non2 — nins)^ + 4(n2n3 + noni)^ + (ng + n\ — n\ — n^)^ = 
= 4(n^ + nl){nl + nl) + (n^ + ni - - ni)^ = (n^ + + + ni)^ = 1 . 

In the end of the Section let us collect obtained results: the angles a, 6, c are determined by 
relations 



nl\ -\- n% — ni — n: 
cos a - u d i 



a/ [nl + nl-n\- n\Y + (2n2n3 + 2noni)2 ' 

2722723 + 2710^1 

(no + 713 - - Tig)^ + (2722^13 + 2noni)2 ' 



sma 



cos b = y (uq + ng — nf — n|)2 + 4(n2n3 + noni)^ = 
= a/1 - 4(non2 - nin3)2 , sin 6 = 2(non2 - nin3) , 

^ _ (ng -nl + nj- n^) 

L/L)o G — ^ ^- ^- ^- — ^ 

(no - ng + nf - n^)2 + (2non3 + 2nin2)2 
sin c = 2(non3 + nin2) _ ^^^^ 

a/ (ng -nj + nl- r^Y + (2non3 + 2nin2)^ 

They provide us with solution of the following factorization problem: 

U = U1U2U3 = (xo + ixiai){yo + iy2(^2){,ZQ + izzo^) ; 

xq = cos(a/2) , x\ = sin(a/2) , 
yo = cos(6/2) , 2/2 = sin(6/2) , 
zq = cos(c/2) , zs = sin(c/2) . 
U = no + iniGi + m2cr2 + m3cr3 , 

no = XQyQZo + xiy2Z2, , ni = -X07/2Z3 + xiVqZq , 

n2 = xoy2Zo + xiyozs , n3 = x^yoZs - xiy2ZQ . (61) 
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4 All six types of 3-element factorizations 

There exist six different 3-element factorizations: 

(1) U1U2US, (1)' UiUsU2, 

(2) U2USU1, (2)' U2U1U3, 

(3) U3U1U2 , (3)' U3U2U1 . (62) 
Let us compare six correspondent sets of equations analogues to (f76|) : 



(1) - 123 , no = xovozo + xiy2Z3 , ni = -xoy2Zs + xiyozo , 

n2 = xoy2Zo + a^iyo^^s , ^3 = xoyo^^s - xiy2Zo ; 

(1) ' - 132 , no = XQZoyo + {-xi)z3y2 , -rii = -xoZ3y2 + {-xi)zoyo , 

ns = XQZsyo + i-xi)zoy2 , ^2 = xoZoy2 - {-xi)z3yo ; 

(2) - 231 , no = yoZQXo + y2Z3Xi , n2 = -yozsxi + y2Zoxo , 

ns = VqzsXq + y2ZQXi , ni = y^z^xi - y2Z3Xo ; 

(2) ' -213, riQ = yoXQZo + {-y2)xiZ3 , -n2 = -yoXiZ3 + {-y2)xoZo , 

ni = yoxizo + i-y2)xoZ3 , ns = yoa^o^^s - {-y2)xiZo ; 

(3) - 312 , no = ZQXoyo + 2:3X12/2 , "3 = -zoXiy2 + ^^aa^oyo , 

ni = ZQXiyo + ^32^0^2 , ^2 = 2:0x0^2 - 23a:;iyo ; 



(3)' - 321 , no = zoyoXQ + {-Z3)y2Xi , -na = -zoy2Xi + (-23)2/02^0 , 

n2 = zoy2Xo + {-Z3)yoxi , m = zoyoxi - {-Z3)y2Xo ; (63) 

Solutions for all six problems of (|63p can be obtained from the result ()75p - (|76p for (123)-variant 
with the help of formal changes described in the following table: 





a 


b 


c 






123 


{xo,xi) 


(2/0,2/2) 


(2^0, 2:3) 


(?^0, 


ni,n2,n3) 


132 


(xo,xi) 


(2^0,^3) 


(2/0,2/2) 




-ni,n3,n2) 


231 


(2/0,2/2) 


{Z0,Z3) 


(xo,xi) 


(?^0, 


"-2,"-3,"-l) 


213 


(^0,2/2) 


{xo,xi) 


(2^0,2^3) 


(?^0, 


-n2,n2,n3) 


312 


{Z0,Z3) 


{xo,xi) 


(2/0,2/2) 


{no, 


n3,"'l,"-2) 


321 


{Z0,Z3) 


(2/0,2/2) 


(xo,xi) 


{m, 


-n3,n2,n2) 



(64) 
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5 Polarization of the light in Mueller- Stokes and Jones 
formalisms 

Let us start with some definitions concerning the polarization of the hght [52]. For a plane 
electromagnetic wave spreading along the axis z, in an arbitrary fixed point z we have 

£^^ = Acoswt, = 5cos(a;t + A) , £^ = (65) 

four Stokes parameters iSa) = {I , , S'^ , S^) are defined by relations 

I = <Ef + Ei> , = <El-El> , 

= < 2E1E2 cos A > , = < 2E1E2 sin A > ; (66) 

the symbol < ... > stands for the averaging in time. If the amplitudes A, B and the phase shift 
A do not depend on time in measuring process, the Stokes parameters equal to 

S*^ = 2AB cos A , 5^ = 2AB sin A ; (67) 

and an identity 

SaS" = Si- SjSj = - = , S = /(°)n . (68) 

holds. In other words, for a steady completely polarized light, the Stoke 4-vector is isotropic. 
For a natural (non-polarized) light. Stokes parameters are trivial: 

iVa = (/n, 0,0,0) , N''Na>0. 

When summing two non-coherent light waves, (1) and (2), their Stokes parameters behave 
in accordance with the linear law: 

1(1) + I{2) , S(i) + S(2) 

A partly polarized light can be obtained when summing two beams of natural and completely 
polarized light: 

Na = (/("\0,0,0) , 5f = (/(0),/(°)n) , (69) 

r{o) 

ga^^a^ ga{0) ^ ( j{n) ^ j{0) ^ _ _ 



/(") + /(O) 



with notation 



the Stokes vector for a partly polarized light is given in the form 

S'' = I{l,pn), 5a5" = /2(l-/) >o. (71) 

where / is a general intensity, n stands for any 3- vector, p is a degree of polarization which runs 
within [0, 1] interval: < p < 1 . 

15 



Let us discuss application of SO (3) group theoretical methods to describing various polarizing 
optical devices. 

Pure polarization attenuators 

(A-elements changing uniformly the degree of polarization) 



1 




/ 




r 


e-^ 




Ipn 




I'p'n' 



I' = I, n' = n, p' = e-^p. 



Pure intensity attenuators 

(o"-elements changing uniformly the general intensity) 



(72) 



e'" 




/ 




I' 







Ipn 




I'p'n' 



I' = 6^1, n' = n, p'=p. 



(73) 



Pure polarization rotators 

S0(3) elements: R G SO{3,R) 



1 







I 




r 





R 




Ipn 




I'p'n' 



I' = 1, n' = Rn, p' =p, 



(74) 



Now let us consider the Jones formalism and its connection with spinors for rotation and 
Lorentz groups. It is convenient to start with a 2-spinor ip, representation of the special linear 
group GL{2.C), covering for the Lorentz group: 



B{k) = ko + kja^ 



ko + k3 ki - ik2 
ki + ik2 ko - ks 



V = 5(A;)1' 





a d 




c b 



det = ki - k"^ = ab - cd = 1 , B{k) e SL{2.C) . 



(75) 



Prom the spinor ip one may construct a 2-rank spinor ^ ^Tp* , the 2x2 matrix, which in turn 
can be resolved in term of Pauli matrices, we will need two sets: a" = (/, a^) and a" = (/, —a^). 
Let us decompose 2-rank spinor into the sum 



The spinor nature of ^p will generate a definite transformation law for Sa'- 

{,j;'^^p'*) = B{k){'tp'^il;'*)B+{k) =^ S'^a"" = B{k)Saa''B+{k) . 
Now, one should use a well-known relation in the theory of the Lorentz group: 

B{k)a''B+{k) = a^L^ " 
where L^^^{x) is a 4 x 4 matrix, defined by 



(76) 

(77) 
(78) 



Lb^'ix) = i,sp[a, Bikix))a^ i?(A;*(x)) ] = L,%kix), F(x)) 



(79) 
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With the use of the known formulas for traces of the Pauh matrices: 

- sp [akCri<Taab) = QklQab - 9ka9lb + 9kb9la + if-klab , 



for the matrix L we get 

Lf^^ik, k*) = [ -6'^ A;" k*^ + kc k"* + kl k" + ie, 

where 



anm h. h.* ] . 



(80) 



5i 



{ 0, c^h- 
+1, c = 6 = ; 
-1, c = 6 = 1, 2, 3 . 



It should be noted that the matrix L = {L^"") used in Section transforms contra-variant vector, 
that is 

L = L\, U- = L\U\ L\ = {L-\' 

Substituting ([78l) into ([771) . one gets the transformation law for Sa- 

S', = LrSa. (81) 

Thus, spinor transformation B{k) for spinor ip generates vector transformation L^^ ""{k, k*). Dif- 
ferent in sign spinor matrices, ±B lead to one the same matrix L. If we restrict ourselves to the 
case of SU(2) group, for matrix L^^-^k, k*) from ([80]) we get: 



feo = no , 



L{+n) = L{-n) 



-m 



■J ' 



riQ -|- rijUj = +1 , B{n) = tiq — inja 



10 

l-2{nl+nl) -2non3 + 2nin2 2non2 + 2nin3 

2no?i3 -|- 2nin2 1 — 2(n^ -|- ng) —IriQni + 2n2n^ 

—2nQn2 + 2nin3 2noni -|- 2n2n^ 1 — 2{n\ + n^) 



(82) 



Let us introduce a polarization Jones spinor 



^1 






^2 







-(5o - Sj 



that is 



-0(8) V* = 

'S'o — "Ss — "Si + ^5*2 
-Si — 182 Sq + S3 



1 



1 50 + 53 51-^52 
"2 51 + i52 5° - 53 



(83) 



^ (5^ + i52) = ylBe*('3-") , ^ (5^ - i52) = A5e-*(^-°) . 

From dli]) it follows 

53 = ^2 _ ^2 ^ 51 = cos(/? - a) , 52 = 2AS sin(/? - a) 



(84) 



S^ = A' + B' = +JSi + SI + S. 



(85) 
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They should be compared with eqs. ([6 



= /(o) =A^ + B^ = +^Sl + SI + Si , 
S^ = A^ -B"^ , S'^ = 2AB cos A , S"^ = 2AB sin A ; (86) 

They coincide if {/3 — a) = A. Instead of a, j3 it is convenient introduce new variables: 

A = /3-a, 7 = /? + a, (87) 

correspondingly the spinor tp will look (j75p 











V(5 + 53)/2 e-*^/2 










l/{S-S^)/2 e+*^/2 



Spinor ■i/' is a Jones complex 2- vector, it is just another representation of the electric field in the 
plane electromagnetic wave (see ([65]) ). 



6 Discussion 



Produced formulas describing all 2-element and 3-element factorizations 

U2 Us U2 , U1U2U3 , and so on 

of the elements of the groups SU(2) and S0(3,R) may be used as a base for corresponding 
angle parametrization of the unitary group SU(2); also in the context of the light polarization 
optics they can be used as a base to resolve arbitrary polarization rotators into different sets of 
elementary ones of two or tree types: 



1 







I 




I 





R 




Ip n 




Ip n' 



The factorization formulas produced may be readily extended to linear group SL(2.C), spinor 
covering for Lorentz group L_^. 
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